
Tailoring current flow patterns through molecular wires using shaped optical pulses

GuangQi Li,1 Sven Welack,2 Michael Schreiber,3 and Ulrich Kleinekathöfer1

1School of Engineering and Science, Jacobs University Bremen, Campus Ring 1, 28759 Bremen, Germany
2Department of Chemistry, University of California, Irvine, California 92697-2025, USA

3Institut für Physik, Technische Universität Chemnitz, 09107 Chemnitz, Germany
�Received 20 December 2007; published 21 February 2008�

Combining the features of molecular wires and femtosecond laser pulses gives the unique opportunity to
optically switch electron currents in molecular devices with very high speed. Based on a weak-coupling
approximation between wire and leads, a quantum master equation for the population dynamics and the electric
current through the molecular wire has been developed, which allows for arbitrary time-dependent laser fields
interacting with the wire. This formalism is combined with the theory of optimal control, leading to an
innovative control of targets distributed in time in open quantum systems. For a tight-binding approximation of
the molecular wire, we show how to compute the laser pulses to switch the current through the wire on and off.
With this approach, the current flow pattern of the current in time can be chosen in an almost arbitrary fashion.
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I. INTRODUCTION

The field of molecular electronics and especially of mo-
lecular wires has attracted much interest recently experimen-
tally as well as theoretically.1,2 One rather new aspect is the
possibility to switch the current by laser pulses. Experimen-
tally, it is very hard to focus the laser light onto the molecu-
lar junction with a width below the diffraction limit of the
light. Nevertheless, the development in tip-enhanced near-
field scanning optical microscopy looks promising.3 Another
possible route with auspicious results is the coupling of a
laser field to an adsorbed molecule on a surface with the help
of scanning tunneling microscopy.4 Several experiments in
this general direction have been performed recently �e.g.,
Refs. 5–8�.

To theoretically investigate the effect of time-dependent
fields on molecular junctions, one can, for example, apply
nonequilibrium Green’s functions,9 but in most approaches
so far, the coupling of the wire to the leads was treated
perturbatively.10–14 Some of these treatments utilize knowl-
edge from the field of dissipative quantum dynamics and
derive quantum master equations �QMEs� to describe the
current through a molecular wire. The QMEs easily allow
one to apply external optical fields which influence the dy-
namics in a direct manner by changing the wire part but also
in an indirect way by influencing the wire-lead coupling. For
monochromatic fields, the Floquet theory has been em-
ployed.10,15–17 We extended a technique developed in the
field of dissipative quantum dynamics in which a special
parametrization of the so-called spectral density of the reser-
voir leads to a set of coupled equations for a primary and
several auxiliary density matrices.18 This formalism allows
for an arbitrary time dependence of the laser pulses.13,19,20

So far, only the influence of a given laser field on the
current through the molecular junction has been studied. Us-
ing, for example, a cw laser with suitable amplitude, the
phenomenon of coherent destruction of tunneling �CDT� can
be observed.17 Recently, we demonstrated19,20 that one can
also suppress the current using short Gaussian laser pulses.
The maximum amplitude of these pulses has to fulfill the
same conditions as for a cw-laser pulse.

The inverse problem is treated in this paper as follows.
Given a predefined current flow pattern, one tries to deter-
mine that laser pulse which achieves this current. This kind
of control problem was studied in detail for simple chemical
reactions in gas phase as well as in liquid phase ex-
perimentally21 as well as theoretically.22 First approaches to
coherent control of molecular dynamics were based on intui-
tive schemes such as the Brumer-Shapiro procedure in the
frequency domain23 or the pump-dump scheme in the time
domain.24 The control algorithms by Judson and Rabitz,25 as
well as the Krotov algorithm,26 give complete freedom to the
laser pulses to be shaped. Recently, this optimal control for-
malism was extended to also handle target states distributed
in time.27–29

Here, we generalize the control formalism to situations
with time-dependent targets in open quantum systems and
apply it to molecular wires with a small number of sites.
After selecting a target, one utilizes the optimal control
theory to optimize the time-dependent control field. Under
the influence of this field, indeed, a current which is similar
to the predefined current pattern is obtained. Although we
concentrate on the topic of molecular wires here, the tech-
niques described below can, in principle, be applied to
coupled quantum dots as well.

II. MODEL

The time-dependent Hamiltonian of the investigated mo-
lecular junction is separated into the relevant system HS�t�,
mimicking the wire, and reservoirs HR, modeling the leads,

H�t� = HS + HF�t� + HR + HSR, �1�

with wire-lead coupling HSR. Denoting the creation �annihi-
lation� operator at site n by cn

† �cn�, the tight-binding descrip-
tion of the electrons in the molecular wire reads as

HS = �
n

�ncn
†cn − ��

n

�cn
†cn+1 + cn+1

† cn� . �2�

The first term describes the on-site energies and the second
term the nearest-neighbor hopping. By including electron
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spin and interaction, we would expect, in certain parameter
regimes, a similar qualitative response of the system on the
laser pulse as has also been shown for Gaussian laser
pulses.30 Spin and electron interaction of course do introduce
extra features which can be influenced by the laser field ac-
cordingly. By denoting the dipole operator, which will be
detailed below, by �, the coupling between the wire and the
laser field E�t� reads as HF�t�=−�E�t�.

The environment of the wire consists of two electronic
leads that are modeled by two independent reservoirs of un-
correlated electrons in thermal equilibrium. For each lead,
the Hamiltonian HR is given by HR=�q�qbq

†bq with bq
† cre-

ating and bq annihilating an electron in the corresponding
reservoir mode �q� with energy �q. We set ��1. In further
derivations, we will only refer to the left lead, but the for-
malism has to be applied as well to the right lead coupled to
the last site N of the wire. The coupling of the left electronic
lead with the first site of the wire is given by

HSR = �
x=1

2

Kx�x = �
q

�Vqc1
†bq + Vq

*bq
†c1� , �3�

with �1=�qVqbq, �2=�qVq
*bq

†, K1=c1
†, K2=c1, and a wire-

lead coupling Vq for each reservoir mode.
Starting with the time-convolutionless approach, a time-

local QME based on a second-order perturbation theory in
the molecule-lead coupling was developed for the reduced
density matrix ��t� of the molecule,13,19

���t�
�t

= − iLS��t� − iLF�t���t� − D�t���t� , �4�

D�t���t� = �
xx�

�Kx	xx��t���t� − 	xx��t���t�Kx

− Kx��t�	̂xx��t� + ��t�	̂xx��t�Kx� , �5�

with auxiliary operators for the wire-lead coupling,

	xx��t� = 	
t0

t

dt�Cxx��t − t��US�t,t��Kx�, �6�

	̂xx��t� = 	
t0

t

dt�Cx�x
* �t − t��US�t,t��Kx�. �7�

Here, we employed the definitions US�t , t��=T+ exp
−i

�t�

t d��LS+LF�����, LS= �HS , • �, and LF���= �HF��� , • �
with the time-ordering operator T+ and the reservoir correla-
tion functions Cxx��t�. For later convenience, we also intro-
duce L�= �� , • �. Using the electron number operator Nl

=�qcq
†cq of the left lead with the summation performed over

the reservoir degrees of freedom yields

Il�t� = e
d

dt
trS
Nl��t�� = trS
Il�t���t�� , �8�

with the current operator

Il�t���t� = e�c1
†	12�t���t� − c1

†��t�	̂12�t�

+ c1��t�	̂21�t� − c1	21�t���t�� �9�

and the elementary charge e. This equation describes the
current Il�t� from the left lead into the molecule. A similar
expression holds for Ir�t� from the right lead into the mol-
ecule. As in a steady-state situation, the net transient current
can be defined as I�t�= �Il�t�− Ir�t�� /2. In addition, we define
the net current operator I�t�= �Il�t�−Ir�t�� /2.

III. OPTIMAL CONTROL

The aim of this study is to determine laser pulses that
result in a predefined effect on the current through the mo-
lecular wire. This is achieved by extremizing a control func-
tional. Using techniques developed previously for time-
dependent targets,28,31 we define �as part of the functional�
the difference between a preselected current pattern P�t� and
the current obtained from the QME as

J0�E� =	 dt
P�t� − trS�I�t���t���2. �10�

To this, we add a second part, ensuring convergence,31

J�E� = J0�E� +
�

2
	

t0

tf

dt
�E�t� − Ẽ�t��2

s�t�
, �11�

with Ẽ�t� being the laser field of the previous iteration step
and � a penalty parameter. Introducing the time-dependent
function s�t�, we avoid a sudden switch-on and switch-off
behavior of the control field at the beginning and the end of
the propagation time. In the present study, either a Gaussian
or a squared sine function has been employed. The numerical
results are rather independent of the actual choice.

In order to calculate the extremum of the functional in Eq.
�11�, the functional derivative 
J�E� /
E�t� has to vanish. In
the present case, this yields

E�t� = Ẽ�t� −
s�t�
�

trS
��t��iL���t� −

D�t�

E�t�

��t���
−

s�t�
�

trS

O�t�

E�t�

��t�� , �12�

with the operators

��t� = 	
t

tf

d�O���U��,t,E� , �13�

O��� = 2
trS�I�������� − P����I��� �14�

and the time-evolution operator U�� , t ,E�. The functional de-
rivatives 
D /
E and 
O /
E are straightforward to evaluate
but lengthy and will be given elsewhere. For the operator
��t�, one can derive the QME
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���t�
�t

= − iLS��t� − iLF�t���t� + D̄�t���t� − O�t� , �15�

where the inhomogeneous term O�t� reflects the time-

distributed target state. The wire-lead coupling operator D̄�t�
in this QME is given by

D̄�t���t� = �
xx�

���t�Kx	xx��t� − Kx��t�	xx��t�

− 	̂xx��t���t�Kx + 	̂xx��t�Kx��t�� . �16�

While Eq. �4� is propagated forward in time, Eq. �15� is
propagated backward in time. These two equations can now
be solved in an iterative fashion. One starts with an equili-
brated state on the wire ��0� at time t0=0 which is un-
changed during the iterative process and chooses an initial
guess for the field E�t�. The density matrix ��t� is propagated
forward from initial time t= t0 to final time t= tf using E�t�. In
the second step, one obtains a new field E�t� from Eq. �12�
in order to propagate the target operator ��t� backward from

t= tf to t= t0. One stores the field E�t� as Ẽ�t� for the next
step, in which we again calculate E�t� and propagate ��t�
from t0 to tf with the initial condition ��t0�. This scheme is
repeated iteratively until convergence. Some of the density
matrices and fields can be stored during the iterative process
to save computational effort.29

IV. NUMERICAL RESULTS AND CONCLUSIONS

For the calculations shown below, we consider a wire
consisting of two sites without spin, equal site energies �1
=�2, intersite coupling �=0.1 eV, and a dipole operator �
= �c1

†c1−c2
†c2� /2. A bias Vb=0.4 eV symmetric with respect

to the site energies �n determines the Fermi energies �F,l
=�1+Vb /2 and �F,r=�2−Vb /2, which describe the occupa-
tion of the reservoir modes. The coupling between the wire
and the leads is almost in the wide-band limit and the maxi-
mum coupling strength is 0.1�. For the first and third ex-
amples below, � was set to 0.003 and for the second calcu-
lation to 0.0006.

As a first simple example of current control, we consider
a case in which the current is initially constant and the goal
is to suppress the current following a half-Gaussian form, a
constant part, and, again, a half-Gaussian shape for the in-
creasing current. In Fig. 1, the current target P�t� is shown
together with the obtained current and the corresponding la-
ser field E�t�. Before t0=0, the laser field is turned off and
the system is equilibrated, i.e., in a steady state, leading to a
time-independent current. As can be seen, the optimal con-
trol current matches the target very well. This optimal laser
pulse mainly moves the levels of the wire out of and back
into the energetic conduction window. In the middle of the
time interval, the energy levels have to be readjusted because
of the population decay on the wire sites.

In the second example, the complexity of the control task
is increased. As shown in Fig. 2, the current target P�t� is a
symmetric double step function and the goal is achieved by
the optimal control algorithm rather accurately. Only at the

last step is there some visible deviation between the target
and achieved currents. The optimized laser field in the lower
panel of Fig. 2 also shows steplike features but, additionally,
oscillations and peaks. In contrast to the previous control
target, the rapidly changing target current pattern requires
larger changes in the electric field. To compensate the effect
of these large peaks on the current at later times, additional
oscillations of the field are needed to achieve constant values
of the current at the plateaus.

In many experimental setups, the laser field has a high
carrier frequency and a more slowly varying envelope func-
tion. To mimic such a scenario, we created a target for the
current which consists of a fast oscillating pattern with �
=1 eV modulated by a slowly varying envelope function,
namely, a form as in Fig. 1. This pattern, together with the
current achieved by the optimal control algorithm, is shown
in the middle panel of Fig. 3. Despite the rapidly varying
target function, the goal is accurately achieved. Similar to
previous studies of CDT, we also calculated a mean current
which is determined by averaging the current over a few
cycles of the carrier frequency �here five periods�. This pro-
cedure can, of course, be performed for the target as well as
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FIG. 1. �Color online� Target current P�t� �dashed� and calcu-
lated current I�t� �solid� in the upper panel. The control field E�t� is
shown in the lower panel.
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FIG. 2. �Color online� Same as in Fig. 1 for a different control
target.
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for the shaped current, and the results are shown in the top
panel of Fig. 3. As can be seen, the average current is sup-
pressed nicely in such a scenario.

In previous studies,17,19,20 CDT was utilized to suppress
the current, which is possible for certain values of the am-
plitude A of the laser field. The fraction A /� has to be equal
to a root of the zeroth-order Bessel function. In the present
case, the maximal value of the field is about A /�=0.8, which
is certainly far from a root of the zeroth-order Bessel func-
tion. Therefore, the present current depletion cannot be ex-
plained by the high-frequency limit of CDT but seems to be
as efficient as CDT. Finding solutions other than well-known
ones is actually a major advantage of the optimal control
theory. Nevertheless, it would be very useful to understand
the actual process behind this suppression of the current.
Work in this direction is in progress.

The convergence of the iterative control algorithm for the
second and third examples is displayed in Fig. 4. It shows
how the value of J decreases with increasing number of it-

erations. For a simple target such as a step function, J de-
creases very fast and then gets more or less constant. In
contrast, for a complex target with a fast oscillating function,
it decreases not as fast in the beginning and later even in-
creases slightly. To further decrease the control function, one
could increase the Langrange parameter � for large iteration
numbers.

In conclusion, we have demonstrated that it is theoreti-
cally possible to achieve a time-dependent pattern of the cur-
rent through a molecular junction. The optimized current can
be obtained using an optimal control field. Although we used
a simplified model for a molecular wire, the present investi-
gation shows that it is worthwhile to study the combination
of molecular wires and optimal control theory on the femto-
second time scale theoretically as well as experimentally. In
experiment, feedback coherent control for complex systems
has been successful21 so that an experimental implementa-
tion of the ideas described above might be feasible in the
future.
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